We study the design of multiuser detectors from an Hm 
Introduction
In recent years, multiuser detection has attracted significant interest due to enhancement of performance that it offers in communication schemes with present multipleaccess interference (MAI) (see [l J and references therein).
High complexity of the optimal multiuser detectors has led to the development of the various linear multiuser detectors, trading off performance for lower complexity. The so-calIed decorrelating detector for rejection of multiuser interference was considered in, e.g., .
[2], [3]. To improve on performance of decorrelating detector at low signal-tonoise ratios (SNR), minimum-mean square error (MMSE) linear-multiuser detector was considered in, e.g., [4]- [6] . Further, to deal with multiple-access interference, a recursive MMSE optimal multiuser detector based on Kalman filtering was proposed in [7], 181. The Kalman filtering requires a priori knowledge of the (first and second-order) noise statistics. However, due to modeling errors and rapid time-variation of the system-parameters that characterize mobile communications, the exact statistics and distribution of the underlying signals are often not known. Further, de--spite the numerous experimental measurements confirming tThis work was supported in part by AFOSR under grant F49620-95- that in many physical channels the ambient noise is impulsive, most of the multiuser detection techniques focus on the situation where the noise is additive white Gaussian. Only lately, the problem of robust multiuser detection has been addressed in literature (see, e.g., [9]).
The robust estimation methods (so-called H") design safeguards against worst-case performance, making no assumptions on statistical properties of the signals. This is in contrast to the aforementioned mean-square-error minimizing designs that optimize the average (or expected) performance of the detectors and whose performance heavily depends upon validity of the statistical assumptions made in the design process.
In this paper, we present synthesis procedure for the design of the FIR multiuser detectors based on Hw and so-called mixed H2/Hw-optimal design techniques (see, e.g., [ 1014 121). The mixed design allows for trade off be tween the best average performance and the best worst-case performance. Thus the optimal mixed H 2 / H w detectors achieve best average performance not over the set of all detectors but over a restricted set of detectors that achieve certain bound on worst-case performance. The mixed design is allowed for by the fact that the H" solution is highly non-unique. This is due to the nature of the Ha problem, which is commonly expressed as a feasibility, rather than an optimization problem. One way to remove the nonuniqueness is to optimize for some criterion other than H m constraint. A natural choice is the H 2 norm, which then leads to the mixed H 2 / H w optimal solution. Beside the H" and mixed H 2 / H w optimal FIR multiuser detectors, we provide recursive forms which can be implemented via fast algorithms, yielding computationally efficient realization.
System model
We consider a multiple-access system with M users, with atotal bandwidth LWo. Let si(n) denote ith user sym- We assume that the channel is known at the receiver. The receiver structure for extracting the symbol stream of the ith user is composed of equalization, followed by demodulation, and is depicted in Figure 3 . Assuming discrete-valued, uncoded data symbols, the decision is made upon appropriately thresholding the estimate li. Similarly, the polyphase representation of the receiver is found by performing the Type-1 polyphase decomposition
where Fki(zM) is the ICth polyphase component of Fi(z).
H" design
With the polyphase representation of the transmitter and receiver as defined in previous section, the design of the multiuser detector can be regarded as a special case of the estimation problem formulation depicted in Let TF(z) denotes the induced transfer matrix mapping the unknown sequences {si} and U-' {vi} to the estimation errors, that is,
where u2 represents the intensity of the noise.
The goal of H" estimation is to choose a causal F ( z ) to minimize the H" norm of TF(z). In other words, the Hm norm of a stable LTI system is the square-root of its maximum energy gain (more precisely, its 12-induced norm). Applied to a multiuser detection problem, we can state the design problem as follows: The optimal H" design with a causality constraint in place is hard to solve and, unlike the noncausal case that we just saw, closed-form expression for the causal Hw-optimal estimators are generally not available. The common approach is then to relax the optimization condition and solve -for a related suboptimal estimation problem. We can state it in the filter bank context as follows: Problem 2 (Suboptimal H m Design) Given a > 0, find a causal receiver polyphase matrix F(r) that guarantees I I Z -~~ -F ( z ) H ( z ) -uF(r)llw < y.
(5)
We notice that it must hold that y 2 Topt. Note that the suboptimal H" problem is expressed as a feasibility problem, rather than an optimization problem.
Hence, it tums out to be highly non-unique. This nonuniqueness can be exploited by optimizing for some criterion in addition to the Hw constraint.
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FIR detectors via convex optimization
In this section, we state the Hw and mixed H 2 / H w optimal FIR detector design problem as a semidefinite pro- Notice that for a given transmitter matrix H ( a ) , and a given delay cl, once we choose the order of F ( z ) , the matrices AT and BT are fixed. Thus, (7) is an LMI (linear matrix inequality) in X, CT and DT (and As we discussed at the end of the previous section, the solution to the H m design problem is highly non-unique.
One way to remove this non-uniqueness is to optimize some other criterion besides the H m feasibility constraint. A natural choice for a criterion in a multiuser detection context is to minimize the H 2 norm of the transfer matrix TF(.z), i.e., llT~112. We notice that when TF is a matrix, then Thus the goal of unconstrained H2 optimization in the finite horizon case is to minimize the Frobenius norm of the matrix TF. Introducing an Hw constraint to the H2 optimization problem leads to the mixed H2/Hm criterion.
Notice that y in (7) must be feasible, i.e., we must have y 2 l l T~l l~ = 3bpt. Moreover, as in the SDP formulation of the pure H"" optimization problem, for a given delay and a given analysis filter length, the matrices AT and BT are Solution to the mixed H2/Hw problem has the best average performance among all filters achieving the same optimal y-level. We should also point out that the mixed estimator achieves the optimal H2 performance whenever the optimal H 2 estimator satisfies the Hoo bound.
In order to obtain a finite-dimensional SDP, we seek a way to restate the problem of finding the optimal H2/Hw (7) and (9) &e LMIs in X , Y, S, a2, and CT and DT (and hence in the filter weights of F ( z ) , since CT and DT are linear in these weights).
On recursive implementation
We are interested in finding filtered estimate of the state, inin. In the H2 estimation problem, we would like to find Pnln such that the expected estimation error energy, ifand only ifthe following LMI in Y and S is feasible:
is minimized. The solution to this problem is well known and given by the conditional mean of zi subject to the observation. For { s , } and { v , } independent, zero-mean Gaussian random variables with known variances, inln is readily found by means of the Kalman filter recursion.
In the H m estimation problem, we would like to find, if possible, set of solutions minimizing
{Sn,Vn}
llS1l2 + llvl12
We now use results of Lemma 2 and Lemma 3 to formulate the mixed H 2 / H w optimization problem as a SDP in state-space. min 2 subject to (7), (9) C T~D T for some y > yopt. We point the reader to [ 161 for the conditions for the existence of the estimators achieving (1 1) and parameterization of all possible solutions. [There, a recursive solution to the optimal mixed least-mean-squares/Hw estimation problem is also stated.] Note that the computational complexity of the recursive H2 and H"" (as well as the mixed least-mean-squares/Hm of [ 161) optimal estimators is of the same order, cubic in the size of the state vector. When inln is replaced by a decision obtained upon thresholding, the recursive solution results in a decision-feedback structure. As it can be seen from the figure, MMSE optimal detector outperforms H" optimal detector on average. However, under the worst-case scenario (which corresponds to the disturbances that have most of their frequency components at frequencies where 8 [ T~( e j " ) ] is large) the H" detectors clearly outperform the MMSE detector.
In summary, we have considered robust H" optimal techniques for the design of the multiuser detectors. Using inherent non-uniqueness of the pure H" design problem, we optimize in addition for an H2 criterion. The FIR detectors allow for an efficient solution via semidefinite programming. Issues that should further be pursued are regarding computational complexity of the discussed algorithms in the multiuser detection context.
